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In this paper, we examine and compare two fundamentally different teleportation schemes; the well-known
continuous variable scheme of Vaidman, Braunstein and Kimble (VBK), and a recently proposed hybrid scheme
by Andersen and Ralph (AR). We analyze the teleportation of ensembles of arbitrary pure single-mode Gaussian
states using these schemes and see how they fare against the optimal measure-and-prepare strategies – the
benchmarks. In the VBK case, we allow for non-unit gain tuning and additionally consider a class of non-
Gaussian resources in order to optimize performance. The results suggest that the AR scheme may likely be a
more suitable candidate for beating the benchmarks in the teleportation of squeezing, capable of achieving this
for moderate resources in comparison to the VBK scheme. Moreover, our quantification of resources, whereby
different protocols are compared at fixed values of the entanglement entropy or the mean energy of the resource
states, brings into question any advantage due to non-Gaussianity for quantum teleportation of Gaussian states.
PACS numbers: 03.67.Ac, 03.65.Ud, 03.67.Hk, 42.50.Ex
I. INTRODUCTION
Quantum teleportation [1–3] is a cornerstone of quantum
information, simple enough to be taught in introductory-level
quantum information courses, yet important enough to main-
tain a position at the forefront of contemporary research. In
practical terms, teleportation is an indispensable tool for the
transmission of quantum information. This stands as one of
the pillars of a networked system, along with storage and pro-
cessing. In the past two decades there has been significant
experimental progress in the field of teleportation, on a vari-
ety of different systems [4–23]. An important class of these
are continuous variable systems, which range from atomic en-
sembles to optical modes and beyond [24, 25].
One product of the focus on quantum teleportation has
been the development of teleportation benchmarks [26–
36]. Put crudely, these benchmarks determine how good a
teleportation-like procedure must be such that it could have
been performed only with a shared entangled resource. Due
to the relative difficulty of creating and maintaining long dis-
tance entanglement, these benchmarks are of practical inter-
est as well as theoretical. For Gaussian states, which compose
some of our most practical and popular continuous variable
resources (as well as including the set of all ‘classical’ opti-
cal states [32]), general benchmarks for quantum teleportation
have only very recently been derived [29].
To clarify further, it is necessary to first decompose a quan-
tum teleportation system into its essential components and
procedures as in Fig. 1. We initialize the system by providing
the state to be teleported (input) and a “resource state”. Subse-
quently, Alice performs a joint measurement on the input and
her part of the resource state and communicates the result to
Bob, who performs a local operation on his state conditioned
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upon this measurement. The resource state, or set of resource
states, which carries the entanglement shared between the two
systems is what we consider to be the quantum part of the pro-
tocol. The classical communication conducted after Alice’s
measurement is by comparison very cheap, and thus we con-
sider classical resources to be free, as is customary in quantum
information resource theory.
To measure how ‘good’ a teleportation is, for input and out-
put states |ψ〉in and ρˆout respectively, we use the fidelity
F = in 〈ψ| ρˆout|ψ〉in, (1)
for which F = 1 indicates a perfect teleportation [37, 38]. A
benchmark determines how large the average fidelity over a
set of input states needs to be before it can be said with cer-
tainty that entanglement was necessary for the protocol used;
that is, benchmarks set the limit on what a strategy can achieve
using only local operations and classical communication. In
a sense, we might say that a quantum teleportation procedure
is not truly quantum unless it surpasses the optimal classical
strategy in this regard: given some results from an unknown
procedure, we can only definitively say that some entangle-
ment was used if they exceed the benchmark.
In this paper we employ benchmarks recently derived by
Chiribella and Adesso [29] in order to assess different telepor-
tation schemes for general sets of single-mode Gaussian state
inputs. High-fidelity teleportation of Gaussian states is one
essential ingredient for future realizations of quantum com-
munication networks interfacing light and matter [39–41], yet
no effective scheme has been devised so far (to the best of
our knowledge) to teleport effectively ensembles of squeezed
states with limited resources.
We analyze the original single-mode Gaussian-state tele-
portation scheme, derived by Vaidman [2], and Braunstein and
Kimble [3] (VBK), in which a two-mode-squeezed vacuum
state is used as the resource, and contrast this with a scheme
recently introduced by Andersen and Ralph [42] (AR), where
the quantum resource consists of N two-qubit Bell states.
We find that the VBK teleportation is actually inferior to
the AR teleportation within a particular realistic and important
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2FIG. 1: (Color online) A conceptual diagram for a general telepor-
tation scheme. The leftmost (blue online) ellipse indicates the input
state and the double cone (red online) denotes the resource. The re-
sults of (1) a joint measurement, performed by Alice, are (2) classi-
cally communicated (CC) to Bob, who performs (3) a local operation
conditioned on the measurement result of Alice, in order to recreate
the input state using his part of the resource.
parameter range. This persists even when improvements to
the VBK scheme are considered, such as gain tuning [43] and
the possible introduction of sources of non-Gaussianity into
the scheme. For a small amount of ‘resources’ (to be quan-
tified precisely in the following), the AR teleportation beats
the VBK scheme in all considered variations, although in the
presence of larger amounts of resources the advantage of the
AR scheme fades away. Notably, the VBK scheme requires
in excess of 10 dB of squeezing to exceed the benchmarks for
teleportation of squeezed vacuum states without gain-tuning
[29]. This value is teetering on the edge of the highest squeez-
ing ever achieved in current optical experiments [44, 45], ren-
dering untuned VBK teleportation incapable of beating the
benchmarks even with state-of-the-art technology. Our analy-
sis indicates that AR teleportation may provide a more viable
candidate for this purpose. There is, however, an important
catch. A crucial difference between the two protocols is that
the AR scheme is probabilistic, while the original VBK proto-
col is deterministic, or ‘unconditional’ [6]. We dedicate ample
discussion in the paper to address this point fairly.
The manuscript is organized as follows. In Sec. II we recall
the continuous variable teleportation protocols we consider in
this work, as well as the recently derived benchmarks for tele-
porting Gaussian states. In Sec. III we lay down the terms of
comparison we adopt for our analysis. In Sec. IV we present
our detailed analysis on the performance of different schemes
for teleporting ensembles of Gaussian states at fixed entangle-
ment or energy. We draw our conclusions in Sec. V.
FIG. 2: (Color online) A schematic for the VBK teleportation
scheme [2, 3]. The shared resource state is a two-mode entangled
state.
II. CONTINUOUS VARIABLE QUANTUM
TELEPORTATION SCHEMES
A. Vaidman-Braunstein-Kimble teleportation protocol
The first proposal of a teleportation protocol for continuous
variable quantum states came from Vaidman and was shortly
afterwards refined by Braunstein and Kimble [2, 3] (VBK).
In this protocol, two distant parties, Alice and Bob, share a
two-mode continuous variable entangled state ρˆAB (resource)
of modes A and B respectively. Alice wants to teleport an
unknown quantum state ρˆin to Bob, and proceeds to do so by
the protocol depicted in Fig. 2, with the following steps:
1. Alice performs a 50/50 beam-splitting operation on the
mode ρˆin that she wants to teleport and her share ρˆA of
the two-mode entangled state ρˆAB, yielding two output
modes.
2. Alice subsequently performs a homodyne measurement
on each of the output modes, measuring two commut-
ing position- and momentum-like observables xˆ+, pˆ−,
and communicates the measurement outcomes x˜+, p˜− to
Bob via a classical channel.
3. Bob uses Alice’s measurement result to perform a suit-
able unitary displacement operation on his share ρˆB of
the two-mode entangled state ρˆAB, getting the output
state ρˆout.
Bob’s output ρˆout after the completion of the teleportation
process is directly related to the entangled state ρˆAB and the
input state ρˆin. This relation has a simple expression in the
characteristic function representation [46, 47],
χout (α) = Tr
[
Dˆout (−α) ρˆout
]
= χin (gα) χAB (gα∗, α) ,
(2)
3where g is the so-called gain factor of the protocol [43],
Dˆk (α) = exp[αaˆ
†
k − α∗aˆk] is the displacement operator act-
ing on the mode k with annihilation operator aˆk, and
χin (α) = Tr
[
Dˆin (−α) ρˆin
]
, (3)
χAB (α1, α2) = Tr
[
DˆA (−α1) DˆB (−α2) ρˆAB
]
, (4)
are the characteristic functions of the input state and the two-
mode entangled states respectively. The gain factor g is cho-
sen by Bob when he performs the displacement of his mode
in Step 3. In the ideal case where the shared entanglement
between Alice and Bob is maximal (i.e. infinite), the telepor-
tation performance is optimal for gain g = 1. However, in a
realistic scenario of finite entanglement, the optimal choice of
g is not equal to 1. The fidelity F [26] can be computed by the
above formalism with a formula, which for pure input states
takes the form
FVBK = in 〈ψ| ρˆout|ψ〉in
=
1
pi
∫
d2α χin (α) χout (−α).
(5)
By using Eq. (2) we can express the fidelity solely w.r.t. the
characteristic functions of the input and resource states,
FVBK = 1
pi
∫
d2α χin (α) χin (−gα) χAB (−gα∗,−α). (6)
For resource states ρˆAB with finite entanglement, one has
F < 1 strictly. Thus, a major contrast of this protocol with
teleportation of finite-dimensional systems is that, even in
principle, a perfect fidelity cannot be achieved. Even worse, in
practice, large amounts of entanglement cannot be achieved.
In an attempt to overcome this difficulty, a new teleportation
scheme has been recently proposed, which we will examine
next.
B. Andersen-Ralph teleportation protocol
The idea of the Andersen and Ralph (AR) scheme [42], il-
lustrated in Fig. 3, is to remove the need for a single resource
state with large entanglement, replacing it by multiple ones
with lesser entanglement. This is done by splitting the input
state using an N-splitter network to create N identical modes
(preferably with a vanishing probability of having more than
one mean photon per mode). In the coherent state basis this
global beam-splitter transformation of the input state takes the
following form,∫
d2α 〈α | ψ〉in |α〉 →
∫
d2α 〈α | ψ〉in
∣∣∣∣∣∣ α√N
〉⊗N
, (7)
The N split inputs are then truncated into states of the form
c0|0〉 + c1|1〉 and can be separately teleported using N maxi-
mally entangled two-qubit Bell states:
|φ〉AB =
1√
2
(|10〉AB + |01〉AB) , (8)
FIG. 3: (Color online) A schematic for the AR teleportation scheme
[42]. The shared resources are N two-qubit Bell states. Each tele-
porter is a typical qubit teleporter as originally introduced in [1].
The dark solid rectangles at the (bottom-left and top-right) corners
indicate mirrors, and the other striped ones indicate beam splitters.
where |0〉 and |1〉 are the vacuum and one-photon states re-
spectively. At the output, the N teleported modes are recom-
bined in a similar beam-splitter network to produce the final
output multiphoton state, which takes the form [42]
|Ψ〉out = 1√
Psuc(|ψin〉)
N∑
k=0
〈k | ψ〉in
(
N
k
)
k!
Nk
|k〉out, (9)
where the input-state dependent normalization constant
Psuc(|ψin〉) is defined as
Psuc(|ψin〉) =
N∑
k=0
∣∣∣〈k | ψ〉in∣∣∣2 ( Nk
)2 k!2
N2k
. (10)
The quality of the teleportation process will be quantified by
the fidelity, which is found to be
FAR =
∣∣∣in〈ψ | Ψ〉out∣∣∣2 = 1Psuc(|ψin〉)
∣∣∣∣∣∣∣
N∑
k=0
(
N
k
)
k!
Nk
∣∣∣〈k | ψ〉in∣∣∣2
∣∣∣∣∣∣∣
2
.
(11)
In principle, this protocol allows large amounts of shared
entanglement to be exploited by dividing it amongst the N
single-photon teleporters, removing the need for large two-
mode squeezing as in the VBK protocol. However, the proto-
col is intrinsically probabilistic, in that occasionally no output
will be registered, for two reasons. The first is the trunca-
tion procedure: if large photon-number terms exist with sig-
nificant probability in the state |ψ〉in then projecting onto the
{|0〉〈0|, |1〉〈1|} sector of the Fock space may have only a small
chance of success. Secondly, to recombine the N teleported
modes, we demand all the photons to exit only one port, i.e.
we wish to measure |0〉 in each of the detectors of Fig. 3, while
in any other case the protocol fails. The overall probability of
success of the AR scheme is none other than the aforemen-
tioned normalization factor Psuc(|ψin〉), Eq. (10).
4C. Teleportation benchmarks
Benchmarks provide a fidelity threshold F¯c, corresponding
to the maximum average fidelity that can be achieved by clas-
sical measure and prepare schemes, without the two parties
sharing any entangled resources, see e.g. [26]. We consider
in general probabilistic measure and prepare strategies, ac-
cording to which we restrict our output to when we have a
successful measurement and entirely discard and ignore the
outputs for when we do not. Expressing this mathematically,
we have [29, 48]
F¯c =
∑
x∈X
∑
y∈Ysuc
p(x|suc) 〈ψx|Πˆy|ψx〉∑
y′∈Ysuc〈ψx|Πˆy′ |ψx〉
〈ψx|ρˆy|ψx〉 (12)
Here, our measurement consists of the positive-operator-
valued-measure elements {Πˆy} and we discard all output re-
sults when y < Ysuc where Ysuc constitutes the set of what we
consider to be favourable outcomes. Additionally, p(x|suc)
denotes the probability that, given a successful outcome, the
input state was |ψx〉 and finally, the term 〈ψx|ρˆy|ψx〉 represents
the corresponding fidelity where we prepare the state ρˆy con-
ditioned on an output y.
To derive benchmarks, it is necessary to define a prior prob-
ability distribution (henceforth prior), from which the input
states to be teleported are drawn. This is also a realistic re-
quirement (rather than always choosing a flat prior) since in a
laboratory setting, constraints imposed by the apparatus, such
as on the energy of producible states, will automatically im-
pose a somehow nontrivial prior.
Estimating the best classical strategy is a hard problem, and
only partial results were known for specific classes of input
states (e.g. coherent states [32]). The general benchmark
for teleporting arbitrary pure single-mode Gaussian states was
only recently derived by Chiribella and Adesso [29]; the au-
thors calculated the classical fidelity threshold for two classes
of input single-mode states, namely undisplaced squeezed
states, and general (displaced squeezed) pure Gaussian states.
1. Benchmark for arbitrary squeezed vacuum states
We consider an input ensemble containing squeezed states,
|ξ〉 = Sˆ (ξ) |0〉 , (13)
where Sˆ (ξ) = exp[− ξ2 aˆ†2 + ξ
∗
2 aˆ
2] is the single-mode squeez-
ing operator and ξ = s eiϕ is an arbitrary complex squeezing
parameter. A state with complex squeezing ξ is drawn from
the input ensemble according to the prior
pSβ (s, ϕ) =
1
2pi
β sinh s
(cosh s)β+1
, (14)
where β−1 adjusts the width of the squeezing distribution,
while the phase ϕ is uniformly distributed, yielding the 12pi
prefactor. For a given β, the classical fidelity threshold is
found to be,
F¯ Sc (β) =
1 + β
2 + β
. (15)
We see that even when Alice is completely ignorant about
the squeezing of the state drawn, i.e. when β → 0, the
fidelity achieved without any entanglement is 12 [29]. This is
analogous to the benchmark for non-squeezed, coherent input
states with totally unknown displacement [32].
2. Benchmark for general displaced squeezed Gaussian states
A general pure, single-mode Gaussian state can be repre-
sented as a displaced squeezed state,
|α, ξ〉 = Dˆ (α) Sˆ (ξ) |0〉 , (16)
where Dˆ (α) is the displacement operator and Sˆ (ξ) the squeez-
ing operator defined above. A state, with displacement am-
plitude α and complex squeezing ξ, is drawn from the input
ensemble according to the probability distribution,
pGλ,β (α, s, ϕ) =
λβ
2pi2
sinh s
(cosh s)β+2
e−λ|α|
2+λRe(e−iϕα2) tanh s, (17)
where β−1, λ−1 adjust the widths of the squeezing and dis-
placement distributions, respectively. Note that this distri-
bution correctly reproduces the probability distribution (14)
for squeezed-only states,
∫
d2α pGλ,β (α, s, ϕ) = p
S
β (s, ϕ) . For
given β, λ, the classical fidelity threshold for this ensemble is
found to be,
F¯ Gc (λ, β) =
(
1 + λ
2 + λ
) (
1 + β
2 + β
)
. (18)
When Alice is completely ignorant of both the displacement
and the squeezing of the state drawn, i.e. λ → 0 and β → 0,
the best achievable fidelity without use of any entanglement is
1
4 [29].
III. COMPARISON OF THE TELEPORTATION
PROTOCOLS: QUANTIFYING RESOURCES
A vital topic to tackle for the understanding of this paper,
and to facilitate fair comparison of teleportation schemes in
general, is how to quantify resources. For a quantum tele-
portation scheme, it is customary to consider the resource to
be the entangled state shared. We have then some freedom
on what property of the resource state to choose for quantifi-
cation and comparison. For the purposes of this paper, we
choose two quantifiers as resources: the mean energy and the
entanglement degree of the shared entangled state, and we per-
form independent comparisons of different schemes for given
values of each.
Henceforth, entanglement is synonymous with entropy of
entanglement, defined for a pure resource state ρˆAB = |φ〉AB〈φ|
as the von Neumann entropy,
S (ρˆA) = −Tr [ρˆAlog2ρˆA] , (19)
5of the reduced state ρˆA = Tr(ρˆAB). Additionally, energy is
defined by the total mean photon number in the modes A and
B,
Eφ =
〈
aˆ†AaˆA
〉
+
〈
aˆ†BaˆB
〉
, (20)
where aˆA,B refers to the bosonic annihilation operator for
mode A, B respectively.
These quantities are fairly straightforward to employ for
comparing deterministic teleportation protocols; however, it
is not immediately obvious how to compare probabilistic tele-
portations with differing success probabilities. In practice,
furthermore, the resources truly utilized in any teleportation
experiment are much more complicated than just these two
quantities: everything from the energy used to power the
equipment, to the manpower required to build it can be con-
sidered a resource if we wish to be omnicomprehensive in our
definitions. While we certainly shall not explicitly consider
these factors, they do implicitly impact in a very significant
way to how we compare probabilistic teleportation schemes.
To this effect, we consider two possible interpretations for
how we consider resources. The first interpretation counts the
average resources required to achieve the teleportation of a
state: we refer to this as the naive picture, since it only counts
the units of energy or entanglement, with no other weight-
ing. For example, a two-arm AR scheme with a 50% proba-
bility of success would require 2 runs of 2 ebits and thus use
4 ebits of entanglement per successful teleportation on aver-
age. However, this interpretation is not suitable for practical
comparisons: it builds a false equivalence between, for exam-
ple, one usage of a 4-arm AR interferometer and two usages
of a 2-arm interferometer. In practice, a 4-arm interferometer
would be comparatively much more costly to assemble. Sim-
ilarly, 4 ebits in the VBK scheme correspond to 13.7 dB of
entanglement, and the current experimental limit is about 10
dB [44, 45], whereas 2 ebits correspond to a value of 7.7 dB,
which is fairly achievable; in this sense, two uses of a 2 ebit
scheme are not comparable to one use of a 4 ebit scheme, in
general, due primarily to the technological limitations of cre-
ating the extra entanglement.
We therefore adopt a pragmatic picture, whereby we at-
tempt to account for the realistic limitations on teleportation
schemes. To do this we first assume that producing the input
states for teleportation is effectively free. As such, nothing im-
portant is lost on a failed teleportation attempt: this assump-
tion is consistent with the formulation of the benchmarks, for
which we freely discard states upon unsuccessful measure-
ment outcomes. Indeed, even for deterministic schemes, thou-
sands of (normally unaccounted for) independent runs are in
practice repeated in the lab for a given input state, in order to
perform state tomography on the output for experimental de-
termination of the teleportation fidelity. In essence, building
a teleportation setup is costly (in terms of acquiring a certain
entanglement source, for instance), while running it repeat-
edly is assumed to be cheap in comparison. Furthermore, as
we have been assuming all along, the classical communication
required for teleportation is so cheap in comparison to entan-
glement that it can be neglected in our quantitative compari-
son. For all of the above, in the pragmatic approach we choose
to ultimately ignore the probability of success for a scheme
(or equivalently the number of runs required to achieve a cer-
tain fidelity), and merely compare the number of ebits or units
of energy (e.g. photons, phonons) utilized in individual runs,
whether successful or not. While a fully objective comparison
of different schemes is perhaps not possible in principle, we
believe this approach is fair and sufficient.
With this point of view in mind, it can be shown [48] that
a general (possibly probabilistic) quantum teleportation pro-
tocol yields an average fidelity over a certain input ensemble
given by the formula
F¯q =
∑
x∈X
∑
y∈Ysuc
p(x|suc) 〈Ψx,r |Πˆy|Ψx,r〉∑
y′∈Ysuc〈Ψx,r |Πˆy′ |Ψx,r〉
〈ψx|ρˆy|ψx〉. (21)
Note how this only differs from the equation for the classical
benchmark (12) in that, in the quantum case, we do not con-
sider a measurement directly upon the input state, but rather
upon the joint state |Ψx,r〉 = |ψx〉 ⊗ |φr〉, where |φr〉 ≡ |φ〉AB
refers to the shared resource state.
To summarize, then, we simply define our resources by the
value of entanglement (in ebits) or energy (in units) of |φ〉AB
irrespective of any other factor.
A. Resources for the AR scheme
In the case of the AR scheme, the natural choice for the re-
source states is given by the maximally entangled two-photon
Bell states, e.g. |φ〉AB = 1√2 (|10〉AB + |01〉AB), since with these
states we can achieve perfect teleportation in the {|0〉 , |1〉}
subspace [1]. As the von Neumann entropy of a Bell state
amounts to 1 ebit, for an N-arm set up with N Bell states
the total entanglement resource is given straightforwardly (ex-
ploiting additivity of the von Neumann entropy) by
S AR
(
|φ〉AB〈φ|⊗N
)
= N ebits. (22)
Similarly, the energy of the resource states |φ〉AR〈φ|⊗N is the
sum of energies for each |φ〉AB 〈φ|,
EAR
(
|φ〉AB〈φ|⊗N
)
= N units. (23)
B. Resources for the VBK scheme
In the VBK scheme we will consider shared entangled
states which belong to a general non-Gaussian class encom-
passing so-called ‘squeezed Bell-like states’, first studied by
Dell’Anno et al. [47],
|φS B〉AB = Sˆ AB (ζ)
[
cos δ|0, 0〉AB + eiθ sin δ|1, 1〉AB
]
, (24)
where
Sˆ AB (ζ) = exp[−ζaˆ†Aaˆ†B + ζ∗aˆAaˆB] (25)
is the two-mode squeezing operator with complex squeezing
ζ = r eiϕ and |n,m〉AB = |n〉A ⊗ |m〉B is a two-mode Fock state.
6For δ = kpi (k ∈ Z) we get the well-known two-mode
squeezed vacuum (TMSV) state,
Sˆ AB (ζ) |0, 0〉AB, (26)
with squeezing r, that is, the paradigmatic Gaussian entan-
gled resource state. For other values of δ, we get non-
Gaussian contributions, and we deem it interesting to inves-
tigate whether such non-Gaussianity provides an advantage
over the use of conventional TMSV states [47, 49], under the
terms of comparison defined above.
In the characteristic function representation the state
|φS B〉AB has the form
χS B (α1, α2) = e−
|ξ1 |2+|ξ2 |2
2
[
sin δ cos δ
(
eiθξ∗1ξ
∗
2 + e
−iθξ1ξ2
)
+sin2δ
(
1 − |ξ1|2
) (
1 − |ξ2|2
)
+ cos2δ
]
, (27)
where ξi = αi cosh r + α jeiϕ sinh r, (i, j = 1, 2; i , j).
The entanglement S VBK (r, φ, δ, θ) of squeezed Bell-like
states can be expressed as a rather long formula [47] which
we omit here, limiting ourselves to note that it depends non-
trivially on both the complex squeezing ζ and on the non-
Gaussian mixing parameter δ and phase θ.
The mean energy of these states has a more concise form,
EVBK (r, ϕ, δ, θ) =
〈
aˆ†AaˆA
〉
+
〈
aˆ†BaˆB
〉
= 2sinh2r
(
1 + sin2δ
)
+ 2sin2δ cosh2r
− sin 2δ sinh 2r cos (θ − ϕ) . (28)
IV. RESULTS
For accurate comparison to the benchmarks [29], we must
consider states drawn from the general class of pure Gaussian
states |α, ξ〉 of Eq. (16) with probabilities given by the same
priors pGλ,β (α, s, ϕ) or p
S
β (s, ϕ) as used to derive the bench-
marks.
We then find the average fidelity for general input states
drawn from a prior characterized by widths λ−1 and β−1 for a
scheme with resources (entanglement or energy) of value N to
be
F¯VBK (λ, β, N) =
∫
d2α dϕ ds pGλ,β (α, s, ϕ)FVBK (α, s, ϕ; N) ,
(29)
for the deterministic VBK scheme, and
F¯AR (λ, β, N) (30)
=
∫
d2α dϕ ds pGλ,β (α, s, ϕ) Psuc (α, s, ϕ)FAR (α, s, ϕ; N)∫
d2α dϕ ds pGλ,β (α, s, ϕ) Psuc (α, s, ϕ)
,
for the probabilistic AR scheme, in accordance with Eq. (21).
Both fidelities reduce to the mean fidelity for squeezed-only
states upon setting α = 0 and substituting the appropriate prior
pSβ in place of p
G
λ,β (or, equivalently, taking the limit λ→ ∞ in
the formulas above).
A. Comparison I: Fixed entanglement entropy
We will study three different cases, when
SAR
(
|φ〉AB〈φ|⊗N
)
= SVBK (r, φ, δ, θ) = 2, 3, and 5 ebits.
(31)
For the AR scheme, this simply corresponds to considering
N = 2, 3 and 5 branches in the N-splitter, respectively. The
teleportation fidelity of a general pure Gaussian input, |ψ〉in =
|α, ξ〉, using Eq. (11), is
FAR (α, s, ϕ; N) = 1Psuc
∣∣∣∣∣∣∣
N∑
k=0
(
N
k
)
k!
Nk
|〈k | α, ξ〉|2
∣∣∣∣∣∣∣
2
, (32)
which can then be substituted into Eq. (30) to find the mean
fidelity.
For the VBK scheme, from Eq. (6), we see that the fidelity
for teleporting a particular displaced squeezed state with char-
acteristic function χα,s,ϕ (γ), via a two-mode squeezed Bell-
like shared state, χS B (γA, γB), is given by
FVBK (α, s, ϕ; r, φ, δ, θ; g)
=
1
pi
∫
d2γ χα,s,ϕ (γ) χα,s,ϕ (−γ) χSB (−g γ∗,−γ) . (33)
This formula can be analytically evaluated for non-unit gain
g, but the explicit expression is too long and cumbersome to
be reported here.
Given the dependence of SVBK (r, φ, δ, θ) on four different
parameters, there is a manifold of states associated with any
fixed value of entanglement, which can be found by numeri-
cally solving for each case of N = 2, 3, 5 ebits. The optimal
resource and best strategy can then obtained by optimizing the
average fidelity, Eq. (29), over the set of resource states with
a given entanglement constraint S = N, and additionally op-
timizing over the gain 0 ≤ g ≤ 1. This results in the optimal
VBK average fidelity F¯ optVBK (λ, β, N) given N ebits of entan-
glement available in the form of squeezed Bell-like states.
In what follows, we compare the average fidelities of the
two teleportation schemes, F¯AR (λ, β, N) and F¯ optVBK (λ, β, N),
as we vary the prior distribution parameters λ and β.
1. Results for squeezed states
We begin by comparing the averaged fidelities F¯AR and
F¯VBK as well as the corresponding benchmark F¯ Sc , for the
case of teleporting squeezed states with zero displacement.
The first important result is depicted in Fig. 4(a), where
we set the entanglement resource value at S = N = 2 ebits,
for various values of β. The AR scheme manages to al-
ways beat the benchmark for every β, in sharp contrast to
the VBK scheme, even for β → 0. In this limit, which cor-
responds to completely unknown squeezing, the VBK tele-
portation scheme achieves negligible average fidelity, while
both the AR scheme and the benchmark tend to finite values,
F¯AR → 0.58 and F¯ Sc → 0.5 respectively. Even taking into ac-
count gain tuning, the optimized VBK scheme can just barely
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FIG. 4: (Color online) Average fidelity of teleportation F¯ for the input set of single-mode squeezed states with prior pSβ , plotted as a function
of the inverse width β, for different amounts of shared entanglement: (a) S = 2 ebits, (b) S = 3 ebits and (c) S = 5 ebits. The comparison is
between the AR scheme (magenta open squares), the VBK scheme optimized over all squeezed Bell-like resource states with unit gain (green
dashed curve), the gain-tuned VBK scheme optimized over all squeezed Bell-like resource states, amounting to the gain-tuned VBK scheme
using TMSV resource states (red filled circles), and the benchmark (black solid line).
surpass the benchmark at large values β, does not look es-
pecially robust against possible experimental deficiencies. A
conclusive experimental demonstration of quantum teleporta-
tion of an ensemble of squeezed states (with unknown squeez-
ing) achieving fidelities superior to what is classically possi-
ble has yet to be achieved, and the present results indicate that
the AR scheme may be a more viable candidate for this than
the VBK scheme. The fact that only two branches are needed
for such a demonstration, makes the scheme experimentally
appealing with current technology. Clearly, the probabilistic
nature of the AR scheme is a major factor behind its enhanced
performance; such a scheme is indeed more likely to reject
states which cannot be faithfully transmitted (i.e. high energy
input states), and thus it compares favourably to the bench-
mark even in the limit β → 0. The VBK scheme on the other
hand teleports the high energy states with vanishing fidelity,
reducing the average fidelity to zero for very broad ensem-
bles.
As we increase the entanglement entropy of the shared re-
source states to S = 3 ebits, see Fig. 4(b), we find that the
AR scheme is still superior, but now the VBK scheme clearly
violates the benchmark for input ensembles of inverse width
β ≥ 1.58. For even greater entanglement of S = 5 ebits,
Fig. 4(c), the VBK scheme manages to attain comparable per-
formances to the AR one at large enough β, while the limit
β→ 0 remains problematic. This level of shared resources is,
however, unrealistic: state-of-the-art technologies achieve 10
dB of optical squeezing [44, 45] which is equivalent to only
2.77 ebits of entanglement.
Another interesting result has to do with the performance
of the squeezed Bell-like resource states for the VBK scheme.
In [47, 49], Dell’Anno et al. showed that, at fixed squeezing
degree r, non-Gaussian squeezed Bell-like states (i.e., with
δ , 0) resulted in significant advantage in the teleportation
fidelity of single coherent or squeezed states, compared to
just using the corresponding Gaussian TMSV with the same
r (given by δ = 0). The authors thus concluded that non-
Gaussianity in the resource state can significantly improve
teleportation performance.
Our results show, however, that such a conclusion is
strongly dependent on the terms of comparison. When mak-
ing the comparison at fixed entanglement entropy, rather than
at fixed squeezing degree, we found in all considered cases
that, within the general squeezed Bell-like class, the optimal
resource state for teleportation of input ensembles of Gaus-
sian states via the gain-optimized VBK scheme actually does
always reduce to the TMSV. In this respect, therefore, non-
Gaussianity is not advantageous for the considered task. One
may contend that the advantage observed by Dell’Anno et al.
was more properly a consequence of the extra entanglement
present in the resource (compared to the TMSV at fixed r)
and not traceable directly to the non-Gaussian nature of the
employed states.
2. Results for general displaced squeezed states
We will now discuss the results for the most general set
of pure single-mode Gaussian input states, namely the dis-
placed, squeezed vacuum states. In Fig. 5(a) we report the
case of S = 2 ebits of shared entanglement. As in the pre-
vious case of squeezed-only states, the AR scheme beats the
benchmark for all values of the parameters β, λ. On the other
hand, it no longer stands so dominant over the VBK scheme;
while for small β and large λ the AR scheme is still superior,
as we increase β and reduce λ the optimized VBK scheme
manages to achieve the best fidelity overall. This relates to
the well-known result that the VBK scheme is exceptionally
good, by construction, at teleporting displaced states (and in
fact, despite being deterministic, always beats the benchmark
8(a) (b) (c)
FIG. 5: (Color online) Contour plots of the average teleportation fidelity F¯ optVBK for the input set of arbitrary displaced squeezed Gaussian states|α, ξ〉 distributed according to the prior pGλ,β, for the gain-optimized VBK scheme, as a function of the inverse widths λ, β, at different fixed
amounts of shared entanglement: (a) S = 2 ebits, (b) S = 3 ebits and (c) S = 5 ebits. From top-left to bottom-right, the three shaded areas
in each figure denote, respectively, the region where the VBK scheme has superior performance compared to both the AR scheme and the
benchmark (sea colors online), the region where the VBK scheme is inferior to the AR one but still beats the benchmark (solar colors online)
and the region where the VBK protocol yields a fidelity below the benchmark (grayscale colors online). The average fidelity of the AR protocol
(not depicted) is found to always beat the benchmark for every value of the parameters λ, β.
for teleporting coherent states [32, 50]). As we increase the
shared entanglement to S = 3 ebits, we see in Fig. 5(b) that
the dominance of the AR scheme gets confined to the region
of larger λ and smaller β, while for the instance of even larger
entanglement, S = 5 ebits of Fig. 5(a), the VBK protocol wins
the comparison in almost the whole parameter region except
for small β.
As in the previous subsection, we found again that non-
Gaussianity in the shared squeezed Bell-like states yields no
advantage in the VBK average teleportation fidelity over the
conventional use of TMSV resources. Even in the present
more general case of displaced squeezed input states, the fi-
delity depicted in Fig. 5 corresponds in fact to the optimal
choice given by the use of a TMSV resource state.
B. Comparison II: Fixed mean energy
In this section we will compare the two schemes by con-
straining the energy of their resource states, i.e. by keeping
fixed the mean photon number at E = N = 2, 3, 5 units, in-
stead of the entanglement entropy which we considered pre-
viously.
As previously observed, the energy used in the AR scheme,
EAR
(
|φ〉AB〈φ|⊗N
)
= N units, is determined by the number of
branches in exactly the same way as the entanglement entropy
is: each branch corresponds to one ebit of entanglement and
one unit of energy. Thus the fidelity of the scheme will still be
given by (30), and the performance of the scheme is the same
as for the fixed entanglement case.
For the VBK scheme, however, the mean energy has a dif-
ferent dependence on the resource state parameters; to identify
the optimal resources in the manifold of squeezed Bell-like
states with fixed energy, we have thus performed a similar nu-
merical optimization as what done before for the case of fixed
entanglement.
1. Results for squeezed states
The teleportation of squeezed states at fixed energy yielded
the same results on the optimality of the entangled resources
|φS B〉AB of the VBK scheme: the optimal resource state turns
FIG. 6: (Color online) The dependence of the entanglement entropy
S of the resource states as a function of their mean energy E, plotted
for: (a) the multiple Bell resource states for the AR scheme (dashed
line) and (b) the optimal TMSV resource states for the VBK scheme.
For the latter, the points that correspond to S = 2, 3, 5 ebits are
marked with crosses to show explicitly the need for large energies
(notice the log-linear scale).
9FIG. 7: (Color online) Contour plot of the average teleportation fi-
delity F¯ optVBK for the input set of arbitrary displaced squeezed Gaus-
sian states |α, ξ〉 distributed according to the prior pGλ,β, for the gain-
optimized VBK scheme, as a function of the inverse widths λ, β, at
fixed mean energy of the resource states, E = 5 units. As in Fig. 5,
from top-left to bottom-right, the three shaded areas in each figure
denote, respectively, the region where the VBK scheme has superior
performance compared to both the AR scheme and the benchmark
(sea colors online), the region where the VBK scheme is inferior to
the AR one but still beats the benchmark (solar colors online) and
the region where the VBK protocol yields a fidelity below the bench-
mark (grayscale colors online). The average fidelity of the AR pro-
tocol (not depicted) is found to always beat the benchmark for every
value of the parameters λ, β.
out to be the TMSV over the whole parameter range, yield-
ing no non-Gaussian advantage. This observation enables us
to make a neat comparison to the fixed entanglement case.
In Fig. 6 we show the dependence of the entanglement en-
tropy on the mean energy, for the optimal TMSV resource
state; the points corresponding to S = 2, 3, 5 ebits are marked
explicitly. As we see, the energies EVBK = 2, 3, 5 units
that we consider, correspond to entanglement entropies 1.8 ≤
S ≤ 2.5 ebits for the TMSV state. Hence, the performances
of the VBK protocol will be similar to the ones shown in
Figs. 4(a), 4(b), which correspond to S = 2, 3 ebits respec-
tively; the VBK scheme is thus expected to be always inferior
compared to the AR scheme within this range of parameters.
We can see from Fig. 6 that an entanglement entropy of
S = 5 ebits corresponds instead to the massive mean pho-
ton number of about 833 units for the TMSV used in the
optimal VBK scheme. On the other hand, the AR scheme
achieves the same entanglement with only 5 photons and this
dramatic difference is illustrated in the same figure. In fact,
the AR scheme is so superior when considering energy as the
resource, that even if we chose to follow the naive interpreta-
tion described in Sec. III and counted the photons expended
in the failed teleportation attempts, we would still find that a
5-arm scheme utilizes much less than 833 photons as long as
β > 1, which would yield and endured dominance of the AR
scheme over the VBK under these terms of comparison.
2. Results for general displaced squeezed states
We confirm once more the TMSV to be the optimal re-
source state for the VBK scheme, under the fixed energy con-
straint, when teleporting the general Gaussian set of displaced
squeezed states. Adding this to the previous results, we have
shown that under the restrictions of fixed energy or fixed en-
tanglement, any non-Gaussianity within the class of squeezed
Bell-like states will not give any advantage in the optimized
VBK continuous variable teleportation of single-mode Gaus-
sian states. We discussed above the relation between entangle-
ment and energy for the optimal TMSV and showed that, for
an energy of E = 5 units, its entanglement is about 2.5 ebits
smaller than the corresponding entanglement of the resource
states used in the AR scheme at the same energy. Despite this
fact however, as we see in Fig. 7, the VBK scheme still man-
ages to beat the AR (and the benchmarks) for small enough
values of λ, β. This shows that the AR scheme is still unable
to handle broad distributions, i.e. high energy inputs, when its
number of branches N is not big enough. For smaller energies
E = 2, 3 units, the comparative performance of the schemes
is similar to Fig. 5(a) since at these energies the corresponding
entanglement entropy is around 2 ebits for both schemes.
V. CONCLUSIONS
We have compared the Vaidman, Braunstein and Kimble
(VBK) continuous variable quantum teleportation protocol [2,
3], to the recently proposed hybrid teleportation protocol of
Andersen and Ralph [42], and to the teleportation benchmarks
for general Gaussian states recently derived by Chiribella and
Adesso [29]. We considered two classes of input single-mode
ensembles, comprised of squeezed-only states and arbitrary
displaced squeezed states respectively.
For the VBK protocol, non-Gaussian two-mode resources
(squeezed Bell-like states [47]) were considered as shared re-
sources and optimizations were performed in order to exam-
ine any possible advantage due to non-Gaussianity of the re-
sources for the average teleportation fidelity. In [47, 49], it
was found that, under fixed squeezing of the resource state,
the presence of non-Gaussianity gave significant advantage
for teleportation of displaced squeezed states. These results
generalized previous findings when particular non-Gaussian
states such as photon-subtracted states, which are a subclass
of the squeezed Bell-like states, were analyzed [51–54].
In this paper, motivated by a closer consideration of the re-
sources involved in teleportation protocols, we adopted dif-
ferent terms of comparison. We compared the performance
of the various schemes either at fixed entanglement entropy,
or at fixed mean energy, of the shared resource states. Un-
der these premises, we found in all considered cases that non-
Gaussianity is arguably of no advantage at all: the optimal
resources with a fixed entanglement or energy were consis-
tently found to be conventional Gaussian two-mode squeezed
vacuum states when the VBK teleportation protocol was con-
sidered, taking into account gain optimization [43].
In the case of squeezed input states, we have shown that
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using only minimal resources, i.e. just 2 ebits of shared en-
tanglement between the two parties, the AR scheme can suc-
cessfully beat the benchmark in teleporting squeezed states
while the VBK scheme, even when gain-optimized, cannot do
so in a relevant parameter range. The current technological
limitations prevent us from attaining optical squeezing larger
than about 10 dB [44, 45], corresponding to a maximum of
S ≈ 2.77 ebits for the VBK scheme. Even with this max-
imum amount of shared entanglement, the VBK scheme is
unable to beat the benchmark without gain-tuning (see Fig.
4(b)) while, when gain-optimized, although it surpasses the
benchmark, it still yields an inferior performance to the one
of the AR scheme. The case of the fixed energy condition was
even less favourable for the VBK scheme, since restricting the
number of photons in the two-mode squeezed vacuum to low
numbers greatly limits the performance of the scheme. On the
other hand, the AR scheme remains as much efficient for low
energies since the entanglement is densely distributed over the
entangled photons of the resource states, as seen in Fig. 6.
In the case of general Gaussian input states, we saw that
the AR scheme always beats the benchmark for all values of
parameters β, λ of the input ensemble, while the VBK scheme
is the most efficient only in teleporting coherent states (i.e.
λ→ 0 and large β). For low resources, e.g. S = 2, 3 ebits, the
AR scheme was found to perform best in teleporting broad
ensembles in squeezing because of its sensitivity to the in-
put states, beating on average the insensitive VBK scheme
and the classical benchmark. However, as we reach up to
S = 5 ebits of shared entanglement, the gain-optimized VBK
scheme completely dominates AR over almost all the exam-
ined region in the teleportation of general Gaussian states ex-
cept for the region that corresponds to β→ 0. We should note
however that this amount of entanglement is not achievable
with current technology.
While the VBK scheme has traditionally been praised for
its deterministic nature, which gained its historic status of an
unconditional teleportation protocol (as opposed to the ini-
tial experimental realisations of discrete-variable teleportation
[5] which relied heavily on post-selection), in this case it is
this feature which appears to set it at a disadvantage. It may
be thus interesting to consider probabilistic alterations to the
VBK scheme to see if some advantage can be recaptured. Pre-
liminary calculations on simple conditioning strategies, such
as discarding teleportation runs when Alice’s quadrature mea-
surements result in outcomes larger than a set threshold, show
a minimal improvement over the deterministic VBK scheme.
It thus appears that the advantage of the AR scheme does not
just stem trivially from its probabilistic nature. Regardless,
we dedicated considerable attention to the issue of establish-
ing fair conditions for comparing probabilistic and determinis-
tic schemes for teleportation of an input ensemble; we expect
such a discussion to generate further independent interest in
the matter.
Our analysis reveals how hybrid approaches to continuous
variable quantum technology can be particularly promising
with limited resources. In the case of teleportation, splitting an
ensemble of Gaussian states into as few as two or three single-
photon channels and performing qubit-like parallel teleporta-
tion appears effectively more efficient, even taking into ac-
count properly the nonunit probability of success, than realiz-
ing an unconditional continuous variable teleporter consum-
ing as much entanglement. Interestingly, a complementary
hybrid approach has also very recently been demonstrated by
Furusawa and coworkers, who performed deterministic tele-
portation of a single-photon state by a VBK implementation
[55]. Other schemes for the near-deterministic teleportation
of hybrid qubits have also been devised [56]. For a review on
hybrid quantum optical communication see e.g. [57].
We note that the analysis in the present paper has focused
on ideal teleportation regimes. In a real experiment, both
considered schemes will be affected by unavoidable losses
and imperfections, perhaps the most important ones being the
noisy production of the entangled resources. In any realis-
tic implementation, the resource states would indeed be most
typically mixed nonmaximally entangled two-qubit states for
the AR case, and two-mode squeezed thermal states for the
VBK case. One can then still issue comparisons at fixed en-
tanglement degree (using e.g. the entanglement of formation)
or energy, at comparable levels of state purity mirroring the
current experimental facilities. These are expected to lead to
the same qualitative hierarchy between the two schemes as in
the case of pure resource states. Additional sources of imper-
fections can be considered, like lossy transmission channels in
both schemes, the non-unit efficiency of the homodyne detec-
tion in the VBK scheme, the dark counts and finite detection
efficiency of single-photon detectors during the Bell measure-
ment in the AR case, etc. In this respect, the efficiency of the
Bell measurement in the AR scheme is typically much lower
than the efficiency of homodyne detections in optical imple-
mentations of VBK teleportation. However, this effect is typ-
ically absorbed into a lower probability of success for the AR
scheme, without impacting significantly on the teleportation
fidelity. Therefore, once more, we do not expect significant
changes in the comparison between the two schemes and the
benchmarks from the point of view of the ensemble fidelity.
In short, the analyzed schemes are expected to be quite robust
to common sources of imperfection. Nonetheless, we plan to
complement the present investigation of the ideal regime with
a forthcoming work, where all such realistic corrections will
be taken into account in detail.
To our knowledge, an experiment that verifies unequiv-
ocally the use of quantum entanglement during a quantum
teleportation protocol, by violating the corresponding fidelity
benchmark, has yet to be performed for an ensemble of input
squeezed Gaussian states with unknown squeezing (in [22] the
input states had unknown displacement but known squeezing).
In this paper we found that the hybrid AR scheme appears to
be a good candidate for such a first demonstration. With the
necessary technology readily available, it would be of great
interest to accomplish such an experiment in the near future.
In parallel, we hope this work can stimulate further research
into the definition of a possibly refined teleportation protocol
tailored to displaced squeezed input states, able to beat both
the benchmarks and the AR scheme studied here, while be-
ing ideally endowed with an improved probability of success
under realistic conditions.
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